ABSTRACT. Two elements A and B in a ring ~9 determine a generalized derivation SA,B on 9R by setting 6A,B(X) = AX -XA for any X in 91. We characterize when the product 6C,DSA,B is a generalized derivation in the cases when the ring 9R is the algebra of all bounded operators on a Banach space ?, and when 9fl is a C*-algebra 91. We use these characterizations to compute the commutant of the range of 3A,B-
INTRODUCTION

Let B be a ring or an algebra. A derivation on 2 is an additive (linear) map 6: 3 --9 satisfying 6(XY) = 6(X)Y+X6(Y)
for all X and Y in B. Consequences of assuming (*) the product 6162 of two derivations 61and 62 again is a derivation have been investigated in a number of papers. Posner [Po] proved that if 2 is a prime ring of characteristic not 2, then (*) implies 61 = 0 or 62 = 0. This result has been reproved in other papers, e.g., [FS] and [Wi] , under the stronger assumption that B = C(7-), the algebra of all bounded linear operators on the Hilbert space -H.
If 9 = 91 is a C*-algebra, then (*) implies 6162 = 0 [Mal] (a result of this type is proved in [Ped] for unbounded densely defined derivations), and (*) together with 61 = 62 = 6 implies 6 = 0. In [Wi] the range of a derivation on C(7-t) is investigated, a major tool in [Wi] is the result mentioned above. It is known (e.g., [Ch] , [Ka] , [Sal] , [Se] ) that a derivation of ?(?) is inner, i.e., there exists an element A in ?(?), the algebra of all bounded linear operators on the Banach space ?, so that 6(X) = 6A(X) = AX -XA for all X in ?(?). It is also known (a result of Sakai) [Pe] , [Sa2] that, if 6 is a derivation of a C*-algebra 21 then, 6 = 6A for some A in the enveloping von Neumann algebra of 21. For two operators A and B in LC() (or in the multiplier algebra M(21) of 21), we say that the operator 6A,B(X) = AX -XB is a generalized derivation. It is shown in [Br] that, if the product of two derivations of an prime ring of characteristic not 2 is a generalized derivation, then one of the derivations must be zero. We characterize when the product 6C6A,B of a derivation and a generalized derivation on ?(?) is a derivation. In contrast to the product of two derivations, the product SC6A,B can be a non-zero derivation. As a consequence of the characterization we obtain information about the commutant of the range of a generalized derivation. We also apply the results for 9 = C(?) to obtain a characterization for the case when B9 = 9A is a C*-algebra. The later characterization is strong enough to yield the results, mentioned above, characterizing when the products 66 and 6162 are derivations on a C*-algebra as easy corollaries. In the final section we consider the product of two generalized derivations.
We refer the reader to [Pe] for background information about C*-algebras, and to [Pe] and [Sa2] for the theory of derivations in operator algebras. Generalized derivations have been studies extensively, see e.g., [CF] , [FS] , and [Ma2] . As in section 3 one can extend the results in this section to obtain a characterization of when the product of two generalized derivations of a C*-algebra is a generalized derivation.
THE COMMUTANT OF THE
For t E A we can apply ,rt to (1) and get ,rt(C)(7rt(A)7rt(X) -rt(X) rt (B)) -(7rt(A)7rt(X) -7rt(X)7rt (B))7rt(C) = t(D)-rt(X) -rt(X)7rt(D).
If 7rt (C) is not a scalar multiple of the identity on HFt, then we can apply Theorem 1 to the operators 6,t(c) and 6,rt(A),,t(B) to conclude that 7rt(A + B) = 7rt(A) + 7rt(B) is a scalar times the identity on -Ht. It follows from the faithfulness of the reduced atomic representation that A + B is a scalar times the identity in M(9A). It is clear that if 7rt(C) is a scalar multiple of the identity on A-t, then 7rt(
